We have studied numerically the states reached in a quench from various temperatures in the onedimensional fully-connected Kotliar, Anderson and Stein Ising spin glass model. This is a model where there are long-range interactions between the spins which falls off as a power σ of their separation. We have made a detailed study in particular of the energies of the states reached in a quench from infinite temperature and their overlaps, including the spin glass susceptibility. In the regime where σ ≤ 1/2, where the model is similar to the Sherrington-Kirkpatrick model, we find that the spin glass susceptibility diverges logarithmically with increasing N , the number of spins in the system, whereas for σ > 1/2 it remains finite. We attribute the behavior for σ ≤ 1/2 to self-organized critical behavior, where the system after the quench is close to the transition between states which have trivial overlaps and those with the non-trivial overlaps associated with replica symmetry breaking.
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Self-organized criticality (SOC) is the phenomenon where some large dissipative systems can be in a scaleinvariant critical state but without any parameter being tuned to a critical value [1] . It is believed that it is behind the fractal features [2] associated with many phenomena, such as earthquakes, the meandering of sea coasts and the structure of galactic clusters. For equilibrium systems, scale invariant behavior is usually only found at critical points where some parameter e.g. temperature is at its critical value T c . However, over the years a number of examples have been found of SOC behavior in models which have very artificial dynamical rules such as in the sandpile model [3] and the forest fire model [4] . More recently, Andresen et al. [5] have found SOC features in the Sherrington-Kirkpatrick (SK) model of Ising spin glasses which were absent in the d-dimensional EdwardsAnderson (EA) spin glass models. The signature of SOC behavior for them was the size of the spin avalanches following a change in the applied field; only when there was a diverging number of neighbors as in the SK model were the avalanche sizes limited by the number of spins N in the system.
In this paper we study SOC behavior in a model system, the one-dimensional Ising spin glass of Kotliar, Anderson, and Stein (KAS) [6] which has long-range interactions between the spins which fall off with a power σ of their separation distance, so the number of neighbors a spin interacts with is N − 1. The dynamical rules are simple; the spin system is quenched from an initial equilibrium spin configuration at temperature T to zero temperature by flipping the spins parallel to their local fields until a state is reached where the energy cannot be reduced further by flipping just a single spin. We have concentrated mostly on the case where the initial state is at infinite temperature so that spins are randomly ±1. In the thermodynamic limit the energy per spin reached after the quench from such a random initial state tends to a well-defined limit, only weakly dependent on the method used to flip the spins (e.g. 'polite' or 'greedy' or 'sequential' algorithm etc. [7] ). Furthermore the overlap q of the states reached is trivial, such that in the large system limit the distribution of overlaps P (q) = δ(q) [7] . These observations are consistent with the rigorous arguments of Newman and Stein [8] .
Most studies of SOC behavior focus on dynamical features such as the size of avalanches etc. [5, 9, 10] . In this paper we have studied entirely static features: in particular the spin glass susceptibility calculated via the overlaps of the quenched states obtained from different initial states. We have found that it diverges logarithmically with the number of spins N in the system, provided that the exponent σ ≤ 1/2. We thus conclude that when σ ≤ 1/2 the system reaches a set of quenched states which are close to a critical energy. When σ > 1/2 the divergence of the susceptibility goes away, indicating that the quench does not then take the system to a critical state. It is thought [11] that systems with σ ≤ 1/2 behave just as the SK model. Our results therefore complement those in Ref. [5] , where they found that SOC behavior was only present for the SK model, but was lacking in the d-dimensional EA models, which correspond to values of σ > 1/2 in the KAS model [12] [13] [14] [15] [16] . Furthermore, Gonçalves and Boettcher [17] studied avalanche sizes as a function of σ in the KAS model and concluded that σ = 1/2 was indeed the borderline value above which the avalanches changed their behavior as a function of system size N . An extensive study of avalanches in the SK model itself is in Ref. [9] .
Our interest in the static aspects of SOC behavior was triggered by our previous studies [18] of vector spin glasses in the Sherrington-Kirkpatrick (SK) model for which we found that the quench reached metastable minima whose energy per spin E c was very close to that calculated for the energy which separates minima with zero overlap with each other from those which have a full replica symmetry overlap with each other [19] . In other words the quench takes one close to the critical energy which separates states with a trivial P (q) from those with a non-trivial P (q). The same type of mean-field calculation fails in the Ising case as the states reached in a quench are quite atypical of the totality of the metastable states of energy E. For example, the states reached in the quench have a distribution P (h) of their local fields h i = j J ij S j with interactions J ij among the spins S i , which is linear in h at small fields, whereas for the totality of metastable states of energy E, P (0) is finite [20] . The form of P (h) after a quench has been much studied for the Ising SK model [7, [21] [22] [23] .
Our main finding is that for Ising spin glasses in the SK region σ ≤ 1/2, the energy of the system after the quench is close to the critical energy which separates the metastable states of the kind produced in the quench (i.e. those which have a distribution of local fields P (h) ∼ h at small h) which have no overlap with each other from those which would exist at lower energy which would have full replica symmetry breaking overlaps. In Ref. [5] the nature of the ordering associated with the SOC behavior was not specified. If the quench is close to this critical energy one would expect there to be a divergent spin glass susceptibility; the definition and the study of this susceptibility is the main topic of this paper. It is a purely static quantity: the study of avalanches alone does not provide insights into the nature of the incipient ordering associated with the SOC.
There is an important distinction between Ising and vector spin glasses. Edwards hypothesized (for a review see [24] ) that systems like powders or sandpiles etc. could be understood not by solving the full dynamics of the system from its initial state to its final resting state (which is hard) but instead by determining for these systems the analogue of the number of states in spin glasses in which the spins are parallel to their local fields, (which is easy) [19] . For vector spin glasses in the SK limit, his hypothesis has utility. It fails completely for modelling quenches in the Ising SK spin glass as it is only by a full dynamical treatment that one can obtain a P (h) which is linear in h [21] [22] [23] .
The Kotliar, Anderson and Stein (KAS) [25] Hamiltonian is 
The sum over j can be done for large N and gives c(σ, N ) . Such corrections to scaling are large, especially when σ is close to 1/2. Note that this correction to scaling is associated with the zero temperature fixed point, rather than the critical fixed point. It is only the discovery of this form for the leading correction to scaling that has enabled us to analyze our data. There is a mapping between σ and an effective dimensionality d eff of the EA model [12] [13] [14] [15] [16] . For 1/2 < σ < 2/3, it is d eff = 2/(2σ − 1); thus σ = 2/3 corresponds to an effective dimensionality of 6.
We generated metastable states by a quenching procedure that involves repeatedly flipping spins to orient them with their local fields, according to the sequential (as opposed to the 'greedy' or 'polite') algorithm. Previous work [7] suggests that although a small difference in the energy of the final state can be seen based on the precise algorithm employed, the nature of the final state is independent of the algorithm. In the sequential algorithm used here, spins are scanned sequentially from 1 through N , and each of them is aligned to the local field, thus monotonically reducing the energy of the system. When a spin is flipped the local fields h i are immediately updated. The protocol of repeatedly aligning spins is carried out until convergence is obtained. The initial state is either a random spin state, which corresponds to infinite temperature, or one of the spin configurations of an equilibriated system at temperature T .
The overlap between two minima A and B obtained after a quench is defined as
It contains crucial information about the nature of the final state reached by the quench. In Fig. 1 we have plotted the sample averaged distribution function P (q) for systems of N = 256 spins obtained in quenches from various temperatures T . For a quench which starts at a temperature T > T c , the resulting P (q) is trivial, in that [12] . No phase transition exists for σ = 1.5. Whether the final state displays a non-trivial P (q) depends on whether the initial temperature T is less than Tc or not. For σ = 1.5, a trivial P (q), that is one approaching δ(q) as N → ∞, is obtained even for quenches from very low temperatures. 
FIG. 2. (Color online)
The N -dependence of χSG as defined in Eq. (5) for a variety of σ. The number of samples used was 1000 and the number of initial infinite temperature (random) configurations was 15. For σ ≤ 0.5, χSG diverges as a logarithm of the system-size. For σ > 0.5, there is a clear tendency for χSG to saturate at the largest sizes we are able to study: we are able to find very good fits to the saturating functional form χSG = a − b/N 2σ−1 (see the middle panel). The right panel shows the fit parameters a, b as a function of σ. In the left panel VB refers to the Viana-Bray model which is a diluted version of the SK limit, σ = 0, of the KAS model in which each spin is only coupled to six others: its size independent χSG shows that it lacks SOC. Ref. [5] also reached the same conclusion based on their study of avalanches.
it reduces in the large N limit to P (q) = δ(q) [8] . However, for quenches which start from a temperature T < T c a non-trivial P (q) was found. We would expect that the P (q) obtained from a quench starting from T < T c has the replica symmetry breaking or replica symmetry features expected for that σ value, whatever that might be, but such an investigation requires a study of very large N values and we shall not pursue this question here, but instead focus on the question of self-organized criticality.
To that end we made a finite size scaling study of the spin-glass susceptibility χ SG :
where the angular brackets represent an average over the metastable minima for a given sample of disorder. The minima in this case were obtained from a random initial state, so that we are studying the case where P (q) is trivial. Note that χ SG = N Variance(q 2 ). In the regime 0 ≤ σ ≤ 0.5, χ SG diverges as ln(N ), whereas for the region 0.5 < σ, χ SG saturates to a finite value at large N , the form of this dependence being well fitted by χ SG = a−b/N 2σ−1 (see Fig. 2 ). The coefficients a, b appear to approach each other and diverge as σ → 0.5 + (see Fig. 2 ). Note that
in the limit σ → 0.5. Thus the divergence of χ SG for σ ≤ 1/2 as ln N seems to be natural if one takes the Mori argument [11, 26] that all systems for σ ≤ 0.5 behave in the same way, and just as in the SK limit of σ = 0. Consistent with this finding for χ SG , Fig. 3 shows that the energy reached by the quench E(N ) goes as E c + const/ ln(N ) for σ < 0.5, almost independent of σ, at least for σ = 0.0, 0.1, 0.2 and 0.3: only the data points for σ = 0.4 and 0.5 differ significantly and for them the finite size corrections are very large. The Mori argument says that in the thermodynamic limit quantities such as the energy should be independent of the value of σ when it is less than 0.5. However, for σ > 1/2 the energy E(N ) behaves quite differently and the right panel of Fig. 3 shows that it goes as c + d/N 2σ−1 , just as could have been anticipated from the N dependence of c(σ, N ).
We next explain why these results are consistent with SOC behavior for σ ≤ 1/2. The energy E c is taken to be the energy which in the large N limit separates minima obtained in the quench which are just at the brink of having a non-trivial form for P (q) from those at higher energy which have trivial overlaps. It is the analogue of the transition temperature T c in studies of the thermal spin glass susceptibility [27] . In that case the spin glass susceptibility diverges for σ ≤ 1/2 as χ SG ∼ 1/τ , the usual mean-field form, where τ = (1 − T c /T ). Our quenches take us close to E c but miss by an amount of O(1/ ln N ); our analogue of τ is ∼ 1/ ln N , so χ SG ∼ ln N . This result is also consistent with our argument by continuity from σ > 1/2 in Eq. (6).
For quenches from a temperature T > T c one would expect that the extrapolated energy E c (T ) would be slightly different from that obtained in the quench from infinite temperature. In fact Fig. 3 shows that the quench from T c for the SK model takes one to a somewhat lower value of the energy by an amount (∼ 1%) from that at infinite temperature, (which is incidentally very close to the Parisi type estimates of the true ground state per spin: E g = −0.76316677265(6)... [28] ). Then if there is a critical energy which separates states with trivial overlaps with each other from lower energy states with non-trivial overlaps, it might be thought that this critical energy might be similar to the extrapolated energy of the quench from T c . It need not be identical as in the quench from T c there are long-range correlations in the initial state which are absent for the initial state at infinite temperature. At σ = 0.75 the energies obtained in the quench from infinite temperature and from T c are well-separated from each other, explaining why χ SG is finite (size independent): the quench from infinite temperature does not take one close to the critical energy and at this value of σ there is no SOC. But for the SK model i.e. σ ≤ 1/2, the quenches from infinite temperature do take one close to the critical energy so that SOC behavior becomes observable.
A natural question in connection with these quenches is whether the states reached are marginally stable [29] . Marginality means that the state reached is just on the edge of stability. It would be interesting to know whether there is a connection between the existence of SOC and marginality or whether marginality can exist in the region σ > 1/2 which does not have SOC behavior.
